We address the problem of hybridization between topological surface states and non-topological flat bulk band within an analytical Hamiltonian linear in quasimomentum. Our model, being a mixture of the three-dimensional Bernevig-Hughes-Zhang and the two-dimensional pseudospin-1 Hamiltonian, allows explicitly treating an evolution of topological surface states by continuously changing of hybridization between the inverted bands and additional "parasitic" flat band in the bulk. We show that hybridization with the third band transforms initial Dirac-like surface states arising, when the flat band lies below the edge of conduction band, into two branches below and above the flat band. By varying hybridization strength, we also explore an evolution of the surface states and its Fermi arcs for Dirac semimetals arising when the flat band crosses conduction band.
I. INTRODUCTION
The physics of topological materials is one of the most active areas in modern condensed matter research. It starts from Kane and Mele 1 , who identified a new type of topological property characterizing two-dimensional (2D) insulators, different from the property of the integer quantum Hall effect 2 . Later, these ideas have been generalized to a three-dimensional (3D) material 3 , yielding a family of topological insulators (TIs). The nontrivial topology of TIs arises from inversion between two bands with opposite parity resulting in gapless states at the boundaries, which are robust against disorder and contamination [4] [5] [6] [7] . 2D TIs are characterized by 1D gapless edge states, where opposite spin states counterpropagate. On the other hand, 3D TIs are characterized by helical surface states consisting of a single Dirac cone, where the spin points perpendicular to the momentum. So far, both 2D and 3D TIs have been realized in many 2D systems [8] [9] [10] [11] [12] [13] [14] and bulk materials [15] [16] [17] [18] [19] [20] [21] [22] .
Many materials with inverted band structure as it is in TIs, however, are bulk metals with the helical surface states. The prominent example is the HgTe-class materials, in which inversion between |Γ 6 , ±1/2 electron and |Γ 8 , ±1/2 light-hole bands originates 2D TI state in HgTe/CdTe quantum wells (QWs) 8, 9 . The presence of an additional heavy-hole band |Γ 8 , ±3/2 makes HgTe a bulk semimetal since the Γ 8 bands at the Γ point of the Brillouin zone are fourfold degenerate as J = 3/2 multiplet.
External tensile biaxial strain opens the gap between conduction |Γ 8 , ±1/2 and valence |Γ 8 , ±3/2 bands resulting in 3D TI state in HgTe crystal 23 . However, an expected crossing point at k = 0 of the Dirac surface states in CdTe/HgTe/CdTe-based 3D TI 24 also lies below the edge of |Γ 8 , ±3/2 band. Therefore, these topological surface states, originating from the inversion between |Γ 6 , ±1/2 and |Γ 8 , ±1/2 bands, are hybridized with the heavy-hole band at non-zero quasimomentum k. The latter means that the surface states in the presence of hybridization with the "parasitic" bulk band may differ significantly from simple Dirac-like surface states of "conventional" 3D TI. The similar effect has been demonstrated recently for the Dirac-like edge states in 2D TI 25, 26 . In the opposite case, when |Γ 8 , ±3/2 band lies above the edge of conduction |Γ 8 , ±1/2 band, these two bands touch at certain points of the Brillouin zone and are presented as two highly anisotropic and tilted cones. This situation is realized in compressively strained HgTe films 27 and unstrained Cd 3 As 2 crystals 28-31 , which are known to be 3D Dirac/Weyl semimetals [32] [33] [34] [35] . The whole picture of the surface states is even more complex. On one hand, inversion between |Γ 6 , ±1/2 and |Γ 8 , ±1/2 bands should produce Dirac-like surface states of "conventional" 3D TI. On the other hand, the bulk nodes in 3D Dirac/Weyl semimetals, projected on the given surface boundary, should be connected by two Fermi arcs 32 , which are nothing but the energy contour of the surface states.
So far, hybridization of topological surface states by additional bulk bands was studied in many systems by the first-principles [36] [37] [38] and ab initio-based tight-binding calculations [39] [40] [41] . It was shown that the topological surface states may be pushed away from overlapping in momentum and energy with the parasitic bulk band. Moreover, in some crystals, hybridization with bulk bands may lead to multiplied surface-state branches, in all cases retaining the helical characteristic 36 . However, basing on the numerical calculations only, it is often hard to explain in the simple way the picture of the hybridized surface states obtained for a given crystal.
In this work, we propose a simple model obtained by mixing 3D Bernevig-Hughes-Zhang (BHZ) Hamiltonian 16 
II. THEORETICAL MODEL
We first introduce a "modified" 6-band Hamiltonian including a variable hybridization with the parasitic bulk band:Ĥ
where the asterisk stands for complex conjugation and " †" corresponds to Hermitian conjugation. The blockŝ
(1) are written as followŝ
Herek ± =k x ± ik y , wherek x ,k y , andk z are momentum operators. In Eqs. (2) and (3), C represents the set of zero energy, S describes the position of parasitic flat band, v and v ⊥ are the values of velocity for the massless particles, which is anisotropic in general. Here, x, y and z axes are oriented along (100), (010) and (001) crystallographic directions, respectively. For simplicity, we further assume v = v ⊥ = v, which can be found, for instance, in HgCdTe crystals 45 . The mass parameter M describes inversion of the bands with opposite parity: M > 0 corresponds to a trivial state, while M < 0 stands for the band inversion 8, 16 . An important quantity ofĤ 0 is the parameter α, which describes the hybridization of the topological surface states with "parasitic" bulk flat band. An exact α value for a given system can by obtained by k·p perturbation theory up to linear-in-k order developed in the vicinity of critical point of the Brillouin zone by considering all the symmetries in the point group of bulk crystal. For instance, the Hamiltonian in Eq. (1) at α = π/3 is nothing but 6-band Kane Hamiltonian, which describes band structure in the vicinity of the Γ point in the crystals with zinc blend structure. Thus, depending on α, our linear model interpolates between 3D BHZ model with decoupled flat band at α = 0 for Bi 2 Se 3 -class materials 16 and the Kane Hamiltonian at α = π/3. Note thatĤ(α), H(−α) andĤ(π/2 ± α) are related by unitary transformation. Additionally, one can see thatĤ 0 is nothing but the α-T 3 model proposed by Raoux et al. 43 . Finally, one can see thatĤ in Eq. (1) is invariant under inversion symmetry. However, a real crystal may not have an inversion center in the unit cell, which results in additional terms in the Hamiltonian. Explicit form of these terms strongly depends on the crystal symmetry, and may differ for two crystals with the same value of α. For instance, breaking of inversion symmetry in compressively strained HgTe and unstrained Cd 3 As 2 with α = π/3 results in the transformation of Dirac into Weyl semimetal in the former case 33 , while, for Cd 3 As 2 , it keeps fourfold degenerate Dirac nodes 29 . In both crystals, the strength of these terms extracted from experimental data is small 31, 44, 45 , and often can be neglected. In this work, to keep a general form of our Hamiltonian, we also formally consider the inversion symmetric case.
The Hamiltonian in Eq. (1) has three eigenvalues, each doubly degenerate owing to the time-reversal symmetry.
The eigenvalues E obey the following equation:
In the particular case of S = −M , and Eq. (4) provides an energy dispersion, which is independent of α:
Since the band dispersion is generally anisotropic and depends on the hybridization parameter α, the picture for the surface states should be different for the boundaries parallel to the x-y and x-z planes.
To obtain dispersion of topological surface states, we further consider a junction with a trivial material (like CdTe), at which the mass parameter M changes its sign. Let us also assume that parameters C and S are functions of coordinates. In this case, Hamiltonian in Eq. (1) is Hermitian even in the presence of junction, when the operatorsk x ,k y andk z do not commute. We also consider v to be independent of coordinate assuming the same value from both side of the boundary. The latter, for instance, holds the boundary between trivial CdTe and non-trivial HgTe materials 45 . The values of α are also supposed to be the same from both side of topological junction.
The initial Schrödinger equation with 6 × 6 HamiltonianĤ can be considered as a set of differential equations for (ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4 , ϕ 5 , ϕ 6 )
T envelope functions. We first express the four envelope functions ϕ 2 , ϕ 3 , ϕ 5 , ϕ 6 from the second, third, fourth and fifth equations in terms of ϕ 1 and ϕ 4 by keeping the right order of non-commuting operators. Then, substituting the expressions for ϕ 2 , ϕ 3 , ϕ 5 , ϕ 6 into the other two equations, we arrive at the 2×2 energy-dependent HamiltonianĤ E , which describes the evolution of vector
T for two spin states:
where E is the eigenvalue, and
Here, we keep previous notations, and E c , E hh and E lh are the same as for Eq. (4).
III. RESULTS AND DISCUSSION
A. Surface states for the boundary parallel to (001) crystallographic plane
Let us now consider an abrupt semi-infinite boundary parallel to (001) crystallographic plane placed at z = 0 (x-y plane). In this case, k x and k y are good quantum numbers due to translation symmetry, and the wave-function of the surface states localized in the vicinity of z = 0 has the form Φ z and λ One can show that the following functions should be continuous across the junction:
The last boundary condition is obtained after integrating Eq. (6) across the small region in the vicinity of z = 0.
Applying these boundary conditions to Φ
1,2 and Φ
1,2 , the secular equation for the non-trivial solution leads to
(12) Equations (10) and (12) 
The latter for instance corresponds to the Kane fermions in unstrained HgCdTe crystals 44, 45 . In this case, Eq. (12) can be reduced to
where
One can see that for α = 0, i.e in the absence of hybridization with a flat band, in addition to E = −M (I) and E = −M (II) , Eqs. (13) and (14) also give E = ± vk. bands at α = 0. At large values of k, their asymptotic energies are written as
which are found from condition of A = 0 in Eqs (13) and (14) . Figure 1 shows the dispersion of bulk and surface states for different values of α in the range (0, π/2] for an unstrained film with parameters of HgTe ( v = 850 meV·nm 45 and M (II) = −150 meV) sandwiched between CdTe barriers (M (I) = 450 meV). We note that energy range −M (I) < E < M (I) in the figure corresponds to the band gap in the barriers. Although the bulk dispersion in the film remains the same for any values of α (due to S (n) = −M (n) , see Eq. (5)), dispersion of the surface states strongly depends on hybridization with the flat bands in both materials. At small values of α (see Fig. 1(a) ), it consists of four branches E = E as+ , E = ± vk and E = E as− anticrossing in the vicinity of the crossing points. In this case, the values of E as+ and E as− are very close to −M (II) and −M (I) , respectively, since cos α ≈ 1 in Eq. (15) . This picture can be also treated within the conventional degenerate perturbation approach.
With increasing of α, the surface states for −M (I) < E < −M (II) are pushed away from the energies of the flat bulk bands in the materials at both sides of the boundary toward the regions where these bulk states are absent. This is clearly represented by evolution of the asymptotic energies E as+ and E as− , which are getting closer each other with α as shown in Fig. 1(a-c) . Note that dispersion of the surface states remains linear in the vicinity of the Γ point of the Brillouin zone. At specific value of α = π/2, the asymptotic energies coincide both being equal to −(M (I) + M (II) )/2, and the surface states become degenerate, see Fig. 1(d) . The latter means the absence of odd-in-k terms in their dispersion. We note that the surface states, similar to those provided in Fig. 1(b) for α = π/3, were also obtained by more sophisticated numerical calculations based on tight-binding extension of the 6-band Kane Hamiltonian with the square terms 46 . Although, results of Ref.
46 depend on the constant of artificial cubic lattice used in the calculations, they qualitatively reproduce dispersion of the surface states at small quasimomentum obtained from our analytical model at α = π/3.
In addition to modification of the surface states in the range of −M (I) < E < −M (II) , hybridization with the flat bulk bands also yields new "massive" branches in the regions above and below the flat bands. We refer to the upper "massive" surface states above the flat band as the Dyakonov-Khaetskii (DK) branch. Dyakonov and Khaetskii 48 were the first, who predicted the massive states at the surface of HgTe crystal. They derived analytically this branch in 1981 by using Luttinger Hamiltonian for the Γ 8 band 49 with an open boundary conditions. In 1985, existence of the localized states at the HgTe/CdTe interface was also predicted for the quantum wells 50 and superlattices 51 . Although the Luttinger Hamiltonian, used in Refs 48,50 , does not formally consider the inverted |Γ 6 , ±1/2 band, this Hamiltonian can be obtained from the 6-band Kane Hamiltonian with the HgTe/CdTe interface by assuming M (II) → −∞ and M (I) → ∞. Therefore, the upper "massive" surface states in Fig. 1 and solution of Dyakonov and Khaetskii 48 , obtained for particular case of α = π/3, have the same origin. As seen from Fig. 1 , such DK branch is caused by the band inversion in the presence of hybridization with the flat bulk band. Now we consider a bulk crystal, in which the flat band does not coincide with the bottom of conduction band, i.e. S (II) = −M (II) . The case of S (II) < −M (II) corresponds to external tensile biaxial strain, which opens a band gap, yielding 3D TI state 23, 24 . The opposite case of
is realized in the compressively strained 
Blue symbols represent projection of bulk Dirac nodes at α = 0 on the boundary surface. The bulk states in the barriers are beyond the scale of the panels.
HgTe films
27 or in unstrained Cd 3 As 2 crystals [28] [29] [30] [31] . As in previous case, we set C (n) = 0 and assume
in CdTe layer. (12) for the bulk and surface states, respectively. It is seen that energy of the bulk states and the value of a band-gap between the flat and conduction bands strongly depend on α. The maximum gap is achieved in the absence of hybridization, while increasing of α leads to a band-gap vanishing. The value of α = π/2 corresponds to a semimetal with circular nodal line at k z = 0 and k = k N , where
As seen from Fig. 2 , the surface states in tensile strained film at different α remain qualitatively the same, as in Fig. 1 for the unstrained film. The main difference is seen in the DK branch, which now exists in the band-gap for the bulk states at all α. This is consistent with the general topological arguments claiming that tensile strained film is 3D TI with the gapless surface states 23 . However, these surface states can not be presented by massless Dirac fermions, as it is stated in some works studied tensile strained CdTe/HgTe/CdTe films sandwiched between CdTe barriers (see, for instance, Refs.
52-54 ). Fig. 2 clearly shows that the surface states in CdTe/HgTe/CdTe-based 3D TI are "massive" due to hybridization with heavy-hole |Γ 8 , ±3/2 band and represented by DK branch 48 .
In the opposite case of S (II) > −M (II) , the flat band crosses conduction band at certain points of the Brillouin zone at α = 0 yielding a 3D Dirac semimetal. At these points, the conduction and flat valence bands can be considered as two highly anisotropic and tilted cones [29] [30] [31] , whose nodes lie at k x = k y = 0 and (4) . Note that at α = 0, the crossing points are located at the sphere defined by
, and 3D Dirac semimetal does not arise. Interestly, that dispersion of the surface states in Fig. 3 for all α = 0 starts from projection of the bulk Dirac nodes. The bulk band dispersion as a function of k at k z = k D is presented by the blue curves. We note that particular case of α = π/3 is in a good qualitative agreement with the picture of the surface states obtained from the tight-binding calculations for Cd 3 As 2 on a tetragonal lattice 29 (see Fig. 3(a,b) therein).
One of the inherent characteristic of the surface states in Dirac semimetals is the existence of a pair of surface Fermi arcs connecting bulk Dirac nodes projected on the surface boundary. The arcs meet at a sharp corner or "kink" at the projected nodes. Such a kink is not allowed in a purely 2D metal, it is a special feature of the crystal symmetry-protected Weyl structure of the Dirac semimetals 32 . As the Dirac nodes are located along (001) crystallographic direction, the surface boundary parallel to (001) plane has no Fermi arcs. 
where the index n = I, II corresponds to y < 0 and y > 0, respectively. gives the continuity function across the junction:
where R + and R − are function of E and α:
Applying these boundary conditions to Φ 
Numerical solution of Eqs (16), (18) and (19) gives the energy dispersion and energy contours of the surface states for the boundary parallel to the (010) crystallographic plane. and (010) surface boundary. Here, we set C (n) = 0, S (I) = −M (I) , S (II) = 190 meV and assume k x = k y = 0. As for the (001) boundary, the picture of surface states for all α values consists of two branches above and below the bottom of conduction band at E = −M (II) . As it is seen, the upper DK branch for all α = 0 crosses the bulk dispersion precisely at the Dirac nodes. This results from the fact that two separated Dirac nodes are connected by the topological surface states 32 . A current picture of the surface states for α = π/3 is also consistent with the tight-binding calculations for Cd 3 As 2 29 .
Fig. 5 provides energy contours for the surface states at E = S (II) at different strength of hybridization with the flat band. In contrast to the (001) boundary, for which the energy contour of the surface states at the Dirac nodes reduces to a point, the nontrivial surface states at the (010) boundary are clearly visible. Its Fermi surface at E = S (II) is composed of two Fermi arcs with the kinks at the projected bulk Dirac nodes. As seen from Fig. 5 , the length of Fermi arcs depends on the values of α. This means that the period of quantum oscillations originated from cyclotron orbits weaving together Fermi arcs and chiral bulk states 32 , should also depend on the hybridization strength. These quantum oscillations have been recently observed in magnetotransport measurements performed on Cd 3 As 2 34,35 .
IV. SUMMARY
In conclusion, we have performed theoretical studies of hybridization between topological surface states and nontopological flat band in the bulk. We have shown that hybridization with the flat band transforms initial Diraclike surface states of 3D BHZ model into two branches below the flat band and above the edge of conduction band. By varying hybridization strength, we have explored an evolution of topological surface states in 3D TI and 3D Dirac semimetal arising at different position of the flat band. At specific value of hybridization, our model qualitatively represents the picture of the surface states known for Cd 3 As 2 29 and HgTe 46 from more sophisticated tight-binding models on tetragonal and cubic lattices. This work paves the way for further investigations of different characteristics of the surface states hybridized with non-topological band.
